Determination of overall factor of safety of a design involves repeated calculation of factor of safety at critical points in the design. For a given stress state at a point, factor of safety is calculated by rst nding the principal stresses and then comparing them with the maximum safe stress that can applied without causing failure of the material according to an appropriate failure theory. In this paper, we suggest quick and ready-to-use expressions and graphs for calculating factor of safety for biaxial stress states for a number of failure theories. These graphs can be directly used as design charts for computing factor of safety in engineering design activities.
Introduction
In various mechanical design activities involving back-of-the-envelope estimates or using precise sophisticated computers, the overall factor of safety of the design is usually one of the primary concerns. Since factor of safety is computed at many critical points and are compared with each other to nd the overall factor of safety of the design, a quick procedure for calculating factor of safety is always desirable. In many engineering design considerations, such as determining stress concentration factors or selecting journal bearings, design charts involving non-dimensionalized characteristic parameters are extensively used. These charts are convenient to use in practice because either the underlying mathematical expressions are too complex and computationally expensive or the calculation procedure involves complicated algorithmic procedures. In this paper, we develop similar design charts for quick calculation of factor of safety for biaxial stress states.
For any combination of normal and shear stresses, the determination of factor of safety involves the calculation of principal stresses and then use of an appropriate failure theory to nd the maximum stress that can be safely applied along the application of the load before failure of the material (Juvinall and Marshek, 1983; Shigley, 1986; Spotts, 1985) . The failure theories to be used depend on the type of failure|ductile failures (similar to failure in ductile materials at room temperature with a slowly applied load) and brittle failure (sudden brittle material like failure). There exist a number of failure theories for each type of failure (Shigley, 1986) . However, for any theory, the failure criterion depends on the underlying principal stress values.
In this paper, the procedure of calculating factor of safety is automated by presenting simple and easy-to-use expressions and graphs for biaxial stress states. The expressions and graphs are derived for three commonly-used failure theories. They are expressed in terms of nondimensionalized parameters involving biaxial stress state values ( x , y , and xy ) and material properties such as yield or ultimate strengths. Since the non-dimensionalized parameters are used, they allow designers to quickly calculate the factor of safety value for any material and biaxial stress state values using the derived expressions or graphs. Thus, these graphs can be conveniently used as standard design charts for calculating factor of safety for biaxial stress states. Another advantage of using these graphs is that the variation of the factor of safety with biaxial stress state values or material properties can be directly observed. This information allows designers to perform a sensitivity analysis with loadings and materials to achieve a design with a desirable factor of safety. Moreover, the derived expressions can also be easily coded for computer applications in design (Dimarogonas, 1989) .
For ductile failures, the graphs are universal and can be used for any combination of material and stress state values, whereas for brittle failures the graphs are provided for a particular ratio of ultimate strengths in tension and compression. However, the derived expressions are general and can be used to calculate the factor of safety for any combination of biaxial stress state and material.
Factor of Safety
In a biaxial stress state, let the three stresses be x , y , and xy . The computation of factor of safety in a biaxial stress state involves the following computations (Shigley, 1986) 
2. Calculate the maximum safe stress S 1 and S 3 corresponding to 1 and 3 which would cause failure according to an appropriate failure theory for the given material.
3. Choose the smaller of S 1 = 1 and S 3 = 3 as the factor of safety (n s ).
Although the above procedure is straightforward, it involves a number of computations and requires knowledge of the failure criterion which depends on the magnitude and sign of the principal stresses. Standard design texts outline an algorithm to calculate factor of safety using principal stress values (Shigley, 1986; Dimarogonas, 1989) . In this paper, we simplify the above procedure by introducing two (or three) non-dimensionalized parameters. By denoting 
we can write the principal stresses given in Equations (1) and (2) 
The parameters and are de ned keeping in view that in Equations (1) and (2) systems (one having x-direction along x and other having x-direction along y ) for which j x j is greater than j y j. There are two advantages of choosing such a exible coordinate system. First, always lies between ?1 and 1. Second, only half the 1 -3 search space need to be considered for calculating factor of safety. With j x j j y j and using a little algebraic manipulation of Equations (5) and (6) suggest that for ?1 1 j 1 j j 3 j:
The above condition requires us to consider only half the 1 -3 combinations to nd the factor of safety as depicted in Figure 1 . The other half of the 1 -3 space will never be considered explicitly in our formulation. Any point in the forbidden half space corresponds to an equivalent point in the considered half space with an identical factor of safety. Our representation of stress states with non-dimensionalized parameters nicely allow such a equivalence. Furthermore, Equations (5) and (6) suggest that 1 is negative only when x is negative for ?1 1, but 3 can be negative for positive or negative values of x . A simple algebraic manipulation of Equation (6) There are usually three ductile failure theories commonly used in determining factor of safety: maximum normal stress theory, maximum shear stress theory, and maximum distortion energy theory. In ductile failure theories, the yield strengths in tension (S yt ) or compression (S yc ) are used to nd the maximum allowable tensile or compressive stresses (S 1 or S 3 ). For materials which fail as ductile failure, it is usually assumed that S yc = S yt (Symonds, 1987) . In order to facilitate the use of factor of safety expressions for any material, we introduce a non-dimensionalized factor of safety, :
where n s is the true factor of safety. Since, in some cases compressive stress can govern the factor of safety calculation, we consider the absolute value of the x in the above expression to make the non-dimensionalized factor of safety non-negative. Thus, it follows from the above expression that the factor of safety, n s , of any biaxial stress state ( ( x ; y ; xy )) is identical to the factor of safety of another biaxial stress state ? (? x ; ? y ; ? xy ).
Thus, with non-dimensionalized representation of biaxial stress states ( x , y , and xy ) using and and with non-dimensionalized factor of safety , we can nd universal expressions for nding factor of safety which are applicable to any combination of biaxial stress state and material. The procedure for a quick calculation of the factor of safety for a biaxial stress state ( x ; y ; xy ) is described below:
Step 1 Call x as the maximum absolute value between x and y . Call the other as y .
Step 2 Calculate and using Equations (3) and (4).
Step 3 For the chosen failure theory, determine either using the developed graph or using the expression derived for .
Step 4 Compute factor of safety using n s = (S yt =j x j).
Maximum normal stress theory
According to the maximum normal stress theory, the failure happens when the maximum of the absolute value of the principal stresses becomes equal to S yt . Thus, the factor of safety can be written as follows:
Since, in our non-dimensionalized representation of stress values, j 1 j j 3 j (Equation (7)), factor of safety is always n s = S yt =j 1 j. Substituting this expression in Equation (8) (10) Figure 2 shows the variation of the non-dimensionalized factor of safety with for di erent values of . This graph can be used for any combination of biaxial stress state and material. 
Maximum shear stress theory
According to maximum shear stress theory, the failure occurs when maximum shear stress becomes equal to the shear strength of the material. This can be written mathematically for all four cases mentioned earlier as follows:
Case-I Failure begins when 1 = S yt .
Case-II Failure begins when 1 ? 3 = S yt .
Case-III Failure begins when 1 = ?S yt .
Case-IV Failure begins when 1 ? 3 = ?S yt .
Cases I and III correspond to the same as in the case of maximum normal stress theory, whereas cases II and IV are di erent. Realizing that the true factor of safety in cases II and IV as
we can calculate the non-dimensionalized factor of safety by substituting 1 and 3 expressions from Equations (5) otherwise.
(11) Figure 3 shows the variation of with for di erent values of . The true factor of safety can also be calculated from the graph or using Equation (11).
Maximum distortion energy theory
According to the maximum distortion energy theory, the failure occurs when the von Mises stress, 0 , becomes equal to S yt : 0 = (12) Figure 4 shows the variation of with for di erent values of . It is interesting to note from Equation (12) and the graph that has identical values for = 1 and = 1 ? 1 . 
Sensitivity analysis
The sensitivity of the factor of safety on the stresses x , y or xy can be observed clearly from the graphs. The analysis is particularly useful in cases where the biaxial stress states change either due to changes in loading or component size and shape or due to a change in the material. Since the factor of safety of the design changes due to above changes, such information is useful to the designers. In most instances, the change in factor of safety for a change in stress values is not predictable. For example, note from Figure 3 that under normal shear stress theory a change in stress state from = 0:8 and = 0:25 to = 0:8 and = 0:5 increase the factor of safety (this is not intuitive, because an increase in y value increases the factor of safety), whereas a change in stress state from = 0:4 and = 0:25 to = 0:4 and = 0:5 decrease the factor of safety. Using non-dimensionalized parameters and derived expressions, we can mathematically write the change in factor of safety with respect to the change in the stress values and material properties. Taking logarithm of both sides of Equation (8) and di erentiating, we obtain the following: Recognizing that is a function of and , which are in turn functions of x , y , and xy , we obtain the sensitivity expression for the factor of safety: 
The partial derivatives can be computed using the derived expressions for a speci c failure theory. Thus, knowing the current design parameters and the change in stress states ( x , y , and xy ) and material property ( S yt ), the corresponding change in n s can be computed using the above equation. The sign of n s would indicate whether the factor of safety would increase or decrease from the current value due to the change in the stress values or material properties. Another interesting aspect is that the graphs shown in Figures 2 to 4 can also be used easily to achieve reverse design calculations. In many design considerations, a design needs to be achieved for a desired factor of safety. In those cases, the objective is to nd the maximum allowable loading or cross-sections (hence stresses) to achieve the desired factor of safety. The reverse design calculations (from factor of safety to nding stresses) using basic formulas (Shigley and Mischke, 1989) are usually complicated and are achieved by trial-and-error method. However, they can be achieved easily using the graphs presented in this paper.
Let us consider that we have a stress state with x = 100, y = 25 and xy = 100 MPa. These stress state corresponds to = 25=100 = 0:25 and = j100=100j = 1. Using maximum normal stress theory and the graph in Figure 2 , we obtain = 0:59. For a material having S yt = 300 MPa, we can calculate the factor of safety as n s = 0:59(300=100) = 1:77. After achieving the factor of safety, the designer may realize that this factor of safety is more than what is desired and now interested in nding the maximum safe torsional loading that would make the factor of safety close to 1.5. We rst calculate the corresponding non-dimensionalized factor of safety = 1:5=(300=100) = 0:5. Now, corresponding to = 0:5 and = 0:25, we nd 1:31 from the graph (Figure 2) . Thus, a maximum of xy = 1:31(100) = 131 MPa can be applied to have a factor of safety of 1.5. Since the failure criteria are presented in a graphical form, any two quantities among , , and can be used to calculate the other quantity.
Brittle Failure Theories
There are three main theories used for brittle failures|maximum normal stress theory, CoulombMohr theory, and modi ed Mohr theory. In brittle failures, the ultimate tensile strength, S ut , or compressive strength, S uc , of the material is used to calculate the factor of safety. Since in most materials, S uc > S ut , we de ne another non-dimensionalized parameter , as follows:
According to this de nition, is always less than one. (Later, we shall discuss how the same graphs and expressions can be used to nd factor of safety for materials having S ut > S uc .) Moreover, unlike the ductile failure theories, in brittle failures the factor of safety of a stress state may not be the same as that of ? . Thus, we modify the de nition of the non-dimensionalized factor of safety as follows: = 
Maximum normal stress theory
According to this theory, the factor of safety is calculated as the minimum of the S ut = A and S uc = B , where A is the maximum positive principal stress and B is the absolute value of the maximum negative principal stress. In order to keep the analysis simple, we consider four cases separately.
Figure 5: Failure boundaries in 1 -3 space for the maximum normal stress theory.
Case-I Since both 1 and 3 are non-negative and 1 is greater than 3 (according to Equation (7)), n s = S ut = 1 .
Case-II Here, 1 is positive and 3 is negative. Thus, A = 1 and B = j 3 j, which is always smaller than 1 (according to Equation (7)). Thus, n s = S ut = 1 .
Case-III Since both 1 and 3 are negative, using Equation (7) we write n s = S uc =j 1 j.
Case-IV Here, A = 3 and B = 1 . The calculation of the factor of safety is not as simple as in the other cases, because now we have to compare between S ut = 3 and S uc =j 1 j. The problem arises because S ut < S uc and also j 3 j < j 1 j. Thus, we compare the ratios and nd that when 1 = 1 1? p (1 + 2 ) + (1 + 2 ), the ratio S uc =j 1 j is smaller and vice versa. These regions in 1 -3 space are shown in Figure 5 .
Combining all the above cases, we can now write the non-dimensionalized factor of safety as follows: ; otherwise.
The operator h i takes a value +1 or ?1 depending on whether the operand is positive or negative.
The above expressions depend on the parameter , which is dependent on the material. Thus, in the case of brittle failures, a universal two-dimensional graph for any material is not possible. However, Equation (17) can be used to calculate the factor of safety of any given biaxial stress state and material. Figure 6 shows the variation of with for di erent values of and = 1=3 (this value is roughly true for most gray cast irons (Shigley and Mischke, 1989) ). Factors of safety for positive and negative x are drawn separately. It is also interesting to note that for materials having = 1, the above equation reduces to Equation (10), which corresponds to the factor of safety using maximum normal stress theory for ductile failures. For materials having S ut > S uc , the can be rede ned as = S uc =S ut . To use Equation (17) and the graph, the term h x i may be replaced by the term h x ihS uc ? S ut i.
Coulomb-Mohr theory
According to Coulomb-Mohr theory, the failure occurs in a similar fashion as in maximum shear stress theory for ductile failure except the yield tensile and compressive strengths are now replaced by ultimate tensile and compressive strengths. We consider all the four cases as before.
Case-I For the same reason as in the maximum normal stress theory, n s = S ut = 1 . Calculating the normalized factor of safety as before for all the above cases, we obtain the following: otherwise:
The operator h i is de ned earlier. Figure 8 shows the variation of with for di erent values of and = 1=3. It is interesting to note that for materials having = 1, the Equation (18) reduces to Equation (11). For materials having S ut > S uc , a similar modi cation as discussed in the previous subsection can be made and Equation (18) and the graph can be used. 
Similar expression can be written for failure with negative 1 and positive 3 . Figure 9 shows failure boundaries for all four scenarios.
Case-I Same as that in Coulomb-Mohr theory.
Case-II Using Equations (7) and (19), we observe that only the rst condition prevails. Thus, n s = S ut = 1 .
Case-III Same as that in Coulomb-Mohr theory.
Case-IV Writing an expression similar to Equation (19) and simplifying, we may write Combining all the above cases, we obtain the following expression for non-dimensionalized factor of safety: otherwise: (20) Figure 10 shows the variation of with for di erent values of and = 1=3. This theory is not applicable to materials having S ut > S uc . Sensitivity analysis of the factor of safety similar to that in the ductile failure can also be performed in brittle failures. There is an extra parameter in brittle failures. Avoiding the details, we simply write the sensitivity expression here: 
The partial derivatives can be computed exactly using the derived expressions. The strength S u is S ut for x > 0 and is S uc for x < 0. Using the above equation, the change in factor of safety can be computed for a change in stress values or material properties.
Conclusion
In this paper, a quick procedure of computing factor of safety for biaxial stress states has been presented. The expressions and graphs have been derived with non-dimensionalized parameters involving stress state values and material properties. Thus, they can be used as design charts in regular design activities. Since explicit mathematical expressions for factor of safety are calculated in this paper (Equations 10, 11, 12, 17, 18, and 20) , they can be directly used in computer applications. These graphs and expressions can also be used to achieve a sensitivity analysis where the objective is to nd the change in the factor of safety for desired changes in stress values or in the material properties. Besides, these graphs can also be easily used to perform reverse design calculations where the objective is to nd maximum safe stress values for a desired factor of safety. 
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